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8 Hypothetical scanning (HS) is a method for calculating the absolute entropy S and free energy F
9 from a sample generated by any simulation technique. With this approach each sample configuration
10 is reconstructed with the help of transition probabilities (TPs) and their product leads to the
11 configuration’s probability, hence to the entropy. Recently a new way for calculating the TPs by
12 Monte Carlo (MC) simulations has been suggested, where all system interactions are taken into
13 account. Therefore, this method—called HSMC—is in principle exact where the only
14 approximation is due to insufficient sampling. HSMC has been applied very successfully to liquid
15 argon, TIP3P water, self-avoiding walks on a lattice, and peptides. Because molecular dynamics
16 (MD) is considered to be significantly more efficient than MC for a compact polymer chain, in this
17 paper HSMC is extended to MD simulations as applied to peptides. Like before, we study
18 decaglycine in vacuum but for the first time also a peptide with side chains, (Val),(Gly)4(Val),. The
19 transition from MC to MD requires implementing essential changes in the reconstruction process of
20 HSMD. Results are calculated for three microstates, helix, extended, and hairpin. HSMD leads to
21 very stable differences in entropy TAS between these microstates with small errors of
22 0.1-0.2 kcal/mol (T=100 K) for a wide range of calculation parameters with extremely high
23 efficiency. Various aspects of HSMD and plans for future work are discussed. © 2006 American
24 Institute of Physics. [DOI: 10.1063/1.2208608]
25

26 |. INTRODUCTION

27 Calculation of the entropy S and Helmbholtz free energy
28 F (F=E-TS, where E is the potential energy and T is the
29 absolute temperature) is of central interest in physics, chem-
30 istry, engineering, and biology.lf5 S is an essential thermody-
31 namic property that constitutes a measure of order and is the
32 main driving force in protein folding. The usual thermody-
33 namic properties such as the pressure and the chemical po-
34 tential can be derived from F ,6 which also serves as a crite-
35 rion of stability, the lower is F the higher the stability; this is,
36 in particular, important in structural biology. The potential
37 energy surface of peptides and proteins is rugged, i.e., “deco-
38 rated” by a tremendous number of localized wells and
39 “wider” ones, which are defined over regions (),, called
40 microstates—each consists of many localized wells. A mi-
41 crostate can be obtained computationally by the local mo-
42 lecular dynamics7’8 (MD) fluctuations around a structure
43 (such as an « helix or a hairpin of a peptide). MD studies
44 have shown that a molecule will visit a localized well only
45 for a very short time (several femtaseconds) while staying
46 for a much longer time within a microstate,”'” meaning that
47 the microstates are of a greater physical significance than the
48 localized wells. Thus, the aim of protein folding, for ex-
49 ample, is to find the most stable microstate, i.e., that with
50 lowest F,,.
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However, flexible protein segments (e.g., surface loops),
cyclic peptides, ligands bound to proteins, or side chains, can
undergo intermediate flexibility, where they populate signifi-
cantly several microstates m in thermodynamic equilibrium.
These populations p,, are proportional to exp[—F,,/kzT],
where F,,=—kpT InZ,=—kgT Inf,, exp[-E/kgT]dx, and Z,,
is the conformational partition function integrated over the
microstate (),,. It is of interest to know whether the confor-
mational change adopted by a loop (a side chain, ligand, etc.)
upon binding has been induced by the other protein (induced
fit'"'?) or alternatively the free loop interconverts among dif-
ferent microstates where one of them has been selected upon
binding (selected fit'): this analysis requires calculating p,,,
which is also needed for a correct analysis of NMR and x-ray
data of macromolecules. Finally, the free energy determines
the binding affinities of ligands interacting with active sites
of enzymes, protein-protein interactions, and it is an impor-
tant factor in enzymatic reactions.

While calculation of the absolute F is difficult (due to
the need to know the value of the sampling probability), in
most cases (and in the examples discussed above) one is
mostly interested in the ratio of populations p,/p,,
=exp—[AF,,,/kgT] between two microstates m and n, which
can be calculated in the most straightforward way by a
counting method, i.e., from a long MD or Monte Carlo'
(MC)
simulation that “covers” both microstates. Thus, AF,,,
=—kgT In[(#m)/ (#n)], where #m(#n) is the population, i.e.,
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79 the number of times the molecule visited microstate m(n)
80 during the simulation. Notice, however, that because of high
81 energy barriers, the transition between microstates at room
82 temperature might require long times, nanoseconds or more
83 even for side chain rotamers, meaning that reliable sampling
84 of #m(#n) might become prohibitive. This problem can be
85 alleviated by applying enhanced sampling techniques such as
86 replica exchange ~ or multicanonical methods'®"” (usually
87 with principal component analysis); however, the conforma-
88 tional search capability of these methods is also limited and
89 microstates of interest might be visited poorly or will not be
90 visited at all.
91 Differences AS and AF are commonly calculated by
92 thermodynamic integration (TI) over physical quantities such
93 as the energy, temperature, and the specific heat,'®"” as well
94 as nonphysical parameterslfs’ﬂL27 (free energy perturbation
95 methods, umbrella, and histogram analysis methods®* ™ are
96 also included in this category). While this is a robust ap-
97 proach, if the structural variance of m and n is large (e.g.,
98 helical and hairpin states of a polypeptide) the integration
99 from m to n becomes difficult and in many cases unfeasible.
100 Developing methods for calculating the absolute F
101 would remedy this problem to a large extent. Thus, one can
102 carry out two separate long MD simulations of microstates m
103 and n and calculating directly the absolute F,, and F, and
104 their difference AF,,,=F,,—F, with high accuracy. Still, the
105 absolute F can also be obtained with TI provided that a ref-
106 erence state r is available, where the free energy is known
107 exactly and an efficient integration path between r and m
108 (and n) can be defined. A classic example is the calculation
109 of F of liquid argon or water by integrating the free energy
110 from an ideal gas reference state.33? However, for nonho-
111 mogeneous systems such integration might not be trivial, and
112 in models of peptides and proteins defining reference states
113 that are close to the state of interest is a standing
114 problem.33735 Furthermore, because MC (MD) simulations
115 constitute models for dynamical processes, one would seek
116 to calculate changes in F and S during a relaxation process,
117 by assuming local equilibrium in certain parts along the tra-
118 jectory; a classic example is simulation of protein folding.36
119 Again, such information cannot be obtained by thermody-
120 namic integration, and methods that estimate S and F directly
121 from the trajectory of interest should be developed.
122 From the statistical mechanics point of view the absolute
123 entropy (which leads to the absolute F) is related to the Bolt-
124 zmann probability of system configuration i S~ —In P? .
125 However, the value of P? cannot be obtained in a straight-
126 forward manner from a MC or MD trajectory, therefore it has
127 been commonly represented by a Gaussian® > or a quasi-
128 harmonic approximation.40’
129 Another approach for estimating the value of the sam-
130 pling probability P? from a given sample has been suggested
131 by Meirovitch. Two related techniques, the local states (LS)
132 method**™*®  and the hypothetical scanning (HS)
133 method,”" """ were developed and applied to magnetic sys-
134 tems, polymers, fluids, and peptides. With this approach each
135 sample configuration is reconstructed with the help of tran-
136 sition probabilities (TPs) and their product leads to the con-
137 figuration’s probability, hence to the entropy. Recently the
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HS has been further developed to a method -called 138
HSMC,SZ’51 where the transition probabilities are calculated 139
by MC simulations. HSMC takes into account al/l system 140
interactions (i.e., short as well as long-range) and in this 141
respect can be considered to be exact; the only approxima- 142
tion is due to insufficient MC sampling for calculating the 143
TPs. This method provides rigorous upper and lower bounds 144
for F, and F can be obtained from a very small sample, even 145
from a single conformation. 146

HSMC is a general technique that has been applied thus 147
far very successfully to liquid argon,32’51’52 TIP3P water,”'” 148
peptides,s‘g_55 and self-avoiding walks on a lattice.”* In par- 149
ticular, in Refs. 53 and 54 two models of polyglycine mol- 150
ecules of 10 and 16 residues, described by the AMBER force 151
field™ in vacuum were studied. One model is based on con- 152
stant bond lengths and bond angles (the rigid model) and the 153
other consists only of constant bond lengths (called there the 154
flexible model). These models were simulated by MC in a 155
helical, hairpin, and extended states and the corresponding 156
F,, and S,, were calculated leading to very accurate results 157
for AF, ,=F,—F, (AS,,), which are significantly better 158
than those obtained with the LS and the quasiharmonic meth- 159
ods. In a subsequent paper55 HSMC was applied to a model 160
of decaglycine which is stretched by an external force. 161

With HSMC applied to a peptide, S is calculated from a 162
given MC sample by reconstructing each peptide conforma- 163
tion i step by step, i.e., calculating successively a TP for each 164
dihedral and bond angle along the chain and fixing the re- 165
lated atoms at their positions at i. Thus, at each step the 166
chain’s coordinates that have already been determined are 167
kept fixed (the “frozen past”) and the TP is obtained from a 168
MC simulation of the “future” part of the chain whose TPs as 169
yet have not been determined. It is important to verify that 170
the simulated future part remains within the original mi- 171
crostate. 172

It is desirable to extend HSMC also to MD simulations. 173
MD provides a model for dynamics and is considered to be a 174
significantly more efficient method than MC for a compact 175
polymer chain [notice, however, that Jorgensen and co- 176
workers have been simulating protein-water systems effi- 177
ciently with a MC procedure based on local conformational 178
moves (e.g., see Refs. 59 and 60 and references cited 179
therein)]; correspondingly, Hu et al. have shown recently that 180
such procedures can be more efficient than MD at least for 181
small peptidesm). Thus, in this paper we extend HSMC to 182
MD, where an essential part of the HSMD design is devoted 183
for “harnessing” the simulated future chains to remain within 184
the original microstate. HSMD is applied to decaglycine 185
(Gly),o in the helix, extended, and hairpin microstates and 186
the results are compared to those obtained with HSMC for 187
the “flexible model” in our Ref. 54 (Table VI), which will be 188
called Paper I throughout this article; also, to distinguish 189
between the present (completely) flexible model of (Gly),, 190
and the (partially) flexible model studied in Paper I (which is 191
based on constant bond lengths) we call the latter “the flex- 192
ible model I.” We also study for the first time a peptide with 193
side chains—(Val),(Gly)s(Val), in the helix and hairpin mi- 194
crostates. 195



PROOFSCOPY 513623JCP

Entropy and free energy of peptides

196 Il. THEORY AND METHODOLOGY
197 A. The peptides studied

198 We study two peptides, decaglycine NH,(Gly),,CONH,
199 and NH,(Val),(Gly)s(Val),CONH,, in vacuum defined by
200 the AMBER96 force ﬁeld,5 8 where the charges of the end
201 groups are neutralized. These models are simulated by MD
202 in the helix, hairpin, and extended microstates. However,
203 HSMC (as well as LS or the quasiharmonic method) is
204 implemented naturally in internal coordinates; therefore the
205 simulated conformations should be transferred from Carte-
206 sians to the dihedral angles ¢;, ¥;, and w; and the bond angles
207 6;; (i=1, N=10, [=1,3); for the second molecule we also
208 consider the four side chain angles y; of the four valine
209 residues (in the next section we argue that to a good approxi-
210 mation bond stretching can be ignored). For convenience,
211 these angles (ordered along the backbone) are denoted by «,
212 k=1, 60 (64).

213 B. Statistical mechanics of a peptide in internal
214 coordinates

215 The partition function of a peptide Z is an integral over
216 the function exp(—E/kgT) (E is the potential energy and kj is
217 the Boltzmann constant) with respect to the Cartesian coor-
218 dinates over the stable microstate ), (e.g., a helical region).
219 As has already been pointed out, to apply HSMC(D) one has
220 to change the variables of integration from Cartesian to in-
221 ternal coordinates, which makes the integral dependent also
222 on a Jacobian J. For a linear chain J has been shown to be
223 independent of the dihedral angles and it is a simple function
224 of the bond angles and bond lengths.37’38’40 For decaglycine
225 the transformation from Cartesian to the internal coordinates,
226 oy, k=1, 6N=60 is applied under the assumption that the
227 potentials of the bond lengths (“the hard variables”) are
228 strong and therefore their average values can be assigned to
229 J, which to a good approximation can be taken out of the
230 integral (however, see a later discussion). For the same rea-
231 son one can carry out the integration over the bond lengths
232 (assuming that they are not correlations with the «;) and the
233 remaining integral becomes a function of the 6N dihedral
234 and bond angles () (Refs. 37, 38, and 40) and a Jacobian
235 that depends only on the bond angles. The partition function
236 becomes

Z'=DZ= Df
2

exp{— [E([e ) VkpT}de, - - dagy, (1)
237

238 where [ |=[;, ..., agy]. D is a product of the integral over
239 the bond lengths and their Jacobian J. The Jacobian
240 [I1, sin(6,)] of the bond angles 6, that should appear under
241 the integral is omitted for simplicity. We assume D to be the
242 same (i.e., constant) for different microstates and therefore
243 In D cancels and can be ignored in calculations of free en-
244 ergy and entropy differences. The Boltzmann probability
245 density corresponding to Z [Eq. (1)] is

246 p°([a]) = exp{- [E(( ) VksT}VZ, 2)

247 and the exact entropy S and exact free energy F (defined up
248 to an additive constant) are
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S=- ka pB([ak])ln pB([ak])dal Y (3)
Q 249

and 250

F= L P’ (LaDE(ey]) + ksT In p°([e])]dar, -+~ .

(4) 251

As discussed earlier in applications of HS, LS, and HSMC, 252
the fluctuation of the exact F is zero,62 because the integrand, 253
E([ay]) +kgT In pB([e])=—kT In Z=F, is constant and equal 254
to F for any set [ a;]. This means that the free energy can be 255
obtained from any single conformation if its Boltzmann 256
probability density is known. Using the HSMC(D) method, it 257
is possible to estimate the free energy of the system from any 258
single structure. Notice that the fluctuation of an approximate 259
free energy (i.e., based on an approximate probability den- 260
sity) is finite and it is expected to decrease as the approxi- 261
mation improves.31’32’49’50’52’53’62 262

It should be pointed out that in our previous implemen- 263
tation of HSMC the peptides were modeled by internal co- 264
ordinates (rather than Cartesian coordinates) where the bond 265
lengths were kept constant, and thus the energy and entropy 266
of bond stretching were ignored (correspondingly, the MC 267
variables were the dihedral and bond angles). With MD on 268
the other hand, the bond stretching energy is taken into ac- 269
count in Eq. (4) (and in free energy functionals defined later) 270
while the corresponding entropy is ignored. The contribution 271
of this energy to the free energy becomes an additive con- 272
stant if one accepts the assumptions about the stretching en- 273
ergy and the corresponding Jacobian made prior to Eq. (4). 274
This is a very good approximation; however, if the bond 275
stretching entropy should be considered, we argue later that 276
it can be estimated approximately within the framework of 277
HSMD by assuming that bond stretching is independent of 278
the other interactions. 279

C. Exact scanning procedure 280

The HSMC(D) method is based on the ideas of the exact 281
scanning method, which is a step-by-step construction pro- 282
cedure for a peptide.63’64 Thus, an N-residue conformation of 283
polyglycine in the helical region (£),), for example, is built 284
(using internal coordinates) by defining the angles «;, step by 285
step with TPs and adding the related atoms;** for example, 286
the angle ¢ determines the coordinates of the two hydrogens 287
connected to C%, and the position of C’. Thus, at step k, k 288
—1 angles ¢/, ..., _; have already been determined; these 289
angles and the related structure (the past) are kept constant, 290
and ay is defined with the exact TP density p(ay|q;_;...a;), 291

pleylag_y -+ ay) 292

= Zsyure( @ @) [ Zpypure( gy + -+ ) d ], (5) 293

where da; is a small segment centered at «; and 294
Zsuture( @ - .. @¢p) 18 a future partition function defined over the 295
helical region (), by integrating over the future conforma- 296
tions defined by ay,;...dagy (within ),) where the past 297
angles, «;...qy, are held fixed, 298
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299 quture(ak» ey a])

=f exp — [(E(agys -, a))lkgT Jdey,, -~ dagy.  (6)

300 Qq

301 The product of the TPs [Eq. (5)] leads to the probability

302 density of the entire conformation [Eq. (2)],
6N

PB(%N, cay) :k]:I]P(ak|ak—1 ap).

(7
303
304 This construction procedure is not feasible for a large mol-
305 ecule and in practice can be carried out by scanning only a
306 limited number of future angles;“’64 however, the ideas of
307 the exact scanning method constitute the basis for
308 HSMC(D), as discussed below.

309 Thus, the exact scanning method is equivalent to MC
310 and MD in the sense that large samples generated by all
311 these methods lead to the same averages and fluctuations
312 within the statistical errors. Therefore, one can assume that a
313 given MC or MD sample has rather been generated by the
314 exact scanning method, which enables one to reconstruct
315 each conformation by calculating the TP densities that hypo-
316 thetically were used to create it step by step. This idea has
317 been implemented initially in two different ways, by the LS
318 and HS methods. However, an exact reconstruction of the
319 TPs [Eq. (5)] is feasible only for a very small peptide. There-
320 fore, calculation of future partition functions [Eq. (6)] by
321 these methods has been carried out only approximately, by
322 considering a partial future (or a limited past in the case of
323 LS). As will be described later, with HSMC(D) the entire
324 future is considered and in this respect the method can be
325 considered to be exact.

326 D. The HSMC method in internal coordinates

327 It would be beneficial to describe first the HSMC
328 method in internal coordinates that has been developed in
329 previous publications. In the first step the MC sample to be
330 analyzed (of a given microstate) is visited and the variability
331 range Aqy is calculated, where «; are the dihedral and bond
332 angles, | <@, <O6N,

333

(8)

334 where a;(max) and a;(min) are the maximum and minimum
335 values of «; found in the sample, respectively. Ay, a;(max),
336 and a;(min) enable one to verify that the sample spans cor-
337 rectly its microstate and they help keeping the future chains
338 within the limits of the microstate during the MC simulations
339 as discussed below.

340 As mentioned in Sec. II C, the idea of the HS method is
341 to reconstruct each sample conformation step by step obtain-
342 ing the TP density of each a; [Eq. (5)] by calculating the
343 future partition functions Zg. [Eq. (6)]. However, a sys-
344 tematic integration of Z,,.. based on the entire future within
345 the limits of () is difficult and becomes impractical for a
346 large peptide where () is unknown. The idea of the HSMC
347 method is to obtain the TPs [Eq. (5)] by carrying out MC
348 simulations of the future part of the chain rather than by
349 evaluating the integrals defining Zg, [Eq. (6)] in a system-
350 atic deterministic way. Thus, at reconstruction step k of con-

Ay = ag(max) — ag(min),
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formation i the TP density, p(ay|ay_;...q;), is calculated 351
from ny MC steps (trials), where the entire future of the 352
peptide can move by changing the future angles «y, ..., agy 353
while the angles a,...,a_; and their related atoms (defin- 354
ing the past) are kept fixed at their values in conformation i. 355
A small segment (bin) Say, [see also Eq. (5)] is centered at a;, 356
and the number of MC visits to this bin, n., during the 357

simulation is calculated; one obtains 358
~ HS
plada - a) = pPaglagy -+ @) = nygdlngdey ],
(9) 359
where the relation becomes exact for very large n/{n,— ) 360

and a very small bin (Sa;—0) [see discussion in Paper I 361
(Ref. 54)]. This means that in practice p™(ay|ay_;... ;) 362
will be somewhat approximate due to insufficient future 363
sampling (finite 7/), a relatively large bin size dey, an imper- 364
fect random number generator, etc.; therefore, we denote this 365
TP by HS (rather than by HSMC—for the sake of brevity). 366
Notice that unlike the deterministic calculation of Zg,,. [Eq. 367
(6)] where the limits of () are in practice unknown, with 368
HSMC the future structures generated by MC at each step k 369
remain in general within the limits of the microstate (), de- 370
fined by the analyzed MC sample. In some cases, however, 371
the future samples might escape from this region; therefore, 372
the a;(min) and «a;(max) values [Eq. (8)] are used to keep 373
the future structures within (), by rejecting MC moves with 374

angle values beyond those of a;(min) and a;(max). The cor- 375
responding probability density is 376
6N

PHS(%N, csap) = UPHS(a’k|ak—1 ). (10)
k=1 377
p"S([y]) defines approximate entropy and free energy func- 378
tionals, SA and FA, respectively, 379
$h=t kBJ p® In p([ay])dey -+ agy. (11) 380
FA=(E)-TS" 381
=<E>+kBTf p"[n P ([ ])]dey -+~ agy, (12) 382

where (E) is the Boltzmann average of the potential (force 383
field) energy estimated from the MC (or MD) sample and p® 384
[Eq. (2)] is the Boltzmann probability density with which the 385
sample has been generated. S* is estimated from a Boltz- 386
mann sample of size n by the arithmetic average of the 387
In(p™S) values. As discussed in Sec. II B, the fluctuation 388
(standard deviation) pp of the correct free energy is zero, 389
while the approximate F* has finite fluctuation, o, (esti- 390
mated by its arithmetic average, o), which is expected to 391
decrease as the approximation improves,Sl’3 2:49.30.52.53.62 392
L 12
=2 [F*-E,— kyT'In p}ST? (13)
s 393

o=
§4 and F* are expected to overestimate and underestimate, 394
respectively, the correct values, where the fluctuation of F4, 395
o4 [Eq. (13)], does not vanish, but decreases as the approxi- 396
mation improves, i.e., as ny increases and/or day decreases. 397

AQ:
#2
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398 E. The HSMD method

399 Unlike HSMC, HSMD is applied to a sample generated
400 by MD. To verify that the sample conformations remain
401 within the microstate (), of interest (e.g., a helix) each of
402 them is expressed in internal coordinates, a;’s [Eq. (8)].
403 Equation (9) can be used also with MD, where at step k of
404 the reconstruction procedure an MD simulation of the future
405 chain starts from the reconstructed conformation i, and every
406 [ fs the current conformation is considered; thus, the initial
407 conformations generated are ignored for equilibration and
408 the next n; future conformations are expressed in internal
409 coordinates and their contribution to ng, [Eq. (9)] is calcu-
410 lated.

411 However, as with the MC implementation, an essential
412 issue is to keep the future chains within the limits of the
413 microstate {);—a condition that might be violated for large
414 ny; therefore, the above procedure has been changed by di-
415 viding it into several (m) shorter repetitive procedures
416 (“units”), each based on nf’~<nf conformations where 7,
a7 =mn}, and each unit starts from the reconstructed structure i
418 with a different set of velocities; the unit size n} (and the
419 equilibration length) should be correctly chosen that it is
420 small enough to keep the future chain within the microstate
421 but allow an adequate sampling of this microstate; a similar
422 procedure was first suggested by Brady and Karplus65 within
423 the framework of the quasiharmonic method and was also
424 used in implementations of the LS method to peptides.“’67
425 Another practical change from the HSMC implementation is
426 the need to treat a pair of angles simultaneously, where each
427 pair consists of a dihedral angle and its successive bond
428 angle (e.g., ¢ and the bond angle N—C%-C’). Thus, at each
429 step both «; and «ay,; are considered and each must be lo-
430 cated within the limits of da; and Jday., respectively, in
431 order to increase n. by 1.

432 This MD implementation is based on three parameters,
433 day, n)'c and m, while only two parameters are needed for the
434 MC implementation. The unit n} should be adjusted where it
435 can be increased as the microstate’s stability increases. An
436 adequate n; should lead to smaller entropy as m is increased
437 or Oay, is decreased. In general one would attempt to apply
438 the largest nf'v that still satisfies these requirements. From now
439 on we shall replace nji by the word unit.

440 It should be pointed out again that in the case of HSMD
441 F* includes the bond stretching energy while the correspond-
442 ing entropy is ignored. However, under the assumptions
443 leading to Eq. (1) this is not expected to affect differences in
444 free energy which are our main interest. Still, if one seeks to
445 include the bond stretching entropy, one can use a transition
446 probability density p(a;) similar to Eq. (9) for the bond
447 length a;, which corresponds to the pair of atoms k and k
448 +1; considering the Jacobian, one obtains p(ay)
449 znvisit/[njﬁ‘l5(%3)], where da;, is small compared to a;. In
450 this approximation the bond stretching is independent of the
451 other interactions and thus phs=p"S(a| ;... a;)play).
452 Both probability densities can be calculated simultaneously,
453 which in practice would not increase computer time.
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F. Upper bounds for the free energy 454

In addition to FA(p"S([e,])) [Eq. (12)], which in practice 455
is a lower bound, one can define another approximate free 456
energy functional denoted FB,48 457

FP= f P DIE + kpT In pPS([ey])1dex, - -+ dagy.
Q

0
(14) 458

According to the free energy minimum plrinciple,68 FB=F 459
[Eq. (4)]. Thus, F? is an upper bound which approaches the 460
correct free energy F when p'S — pP [Eq. (2)]. It is necessary 461
to rewrite Eq. (14) such that F® can be estimated by impor- 462
tance sampling from a (Boltzmann) sample of configurations 463

generated with p® (rather than p'™S). It has been shown that 464
. 0,0"[p" expl ElkgTI(E + kT In p™%)Jdav; -+ dagy
) S p°Lp™ explE/kpTTlde, - dagy '
(15) 465

In practice F? is estimated as the ratio of simple arithmetic 466
averages, which are accumulated for each of the quantities in 467
the brackets in Eq. (15). It should be noted, however, that the 468
statistical reliability of this estimation (unlike the estimation 469
of F*) decreases sharply with increasing system size, be- 470
cause the overlap between the probability distributions p® 471
and p"S decreases exponentially [see discussion in Ref. 45]. 472
With values for both FA and F?, their average F defined by 473

FM=(F* + FB)/2, (16) 474

often becomes a better approximation than either of them 475
individually. This is provided that their deviations from F (in 476
magnitude) are approximately equal, and that the statistical 477
error in F? is not too large. Typically, several improving 478
approximations for F, FZ and F are calculated and their 479
convergence enables one to determine the correct free energy 480
with high accuracy. 481

It should be pointed out that the probability distribution 482
defined by HSMC is stochastic as compared to the determin- 483
istic distribution (for a given sample) obtained by the LS 484
method and the deterministic HS method. In Ref. 51 it is 485
proved that the inequalities F < F < F? hold for the stochas- 486
tic probabilities as well. 487

These conclusions hold also for HSMD provided that the 488
assumptions leading to Eq. (1) are valid. In this case F? (like 489
F*) will be increased by an additive constant (contributed by 490
the bond stretching energy) which will be canceled out in 491
free energy differences of microstates. Because E/kpT 492
+1In p!S is exponentiated in both the numerator and denomi- 493
nator of Eq. (15), if deviations from these assumptions occur, 494
they will affect F2 more significantly than F and to observe 495
the expected behavior of F2 one might need to consider the 496
bond stretching entropy as well. 497

G. Exact expression for the free energy 498

As shown for fluids in Ref. 51, the denominator of F5 in 499
Eq. (15) defines an exact expression for the partition func- 500
tion, 501
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11
2= f PP (p"™1p")dey]
502 Qg
= f p"(p"™ exp[ ElkpT])[day]
503 Qg
=f pB exp[ FS/kpT[da,], (17)
504 Q9

505 and an exact expression for the correct free energy F denoted
506 by FP” is

D_ L
F"=kgTIn =kgT In
z 2

507 (18)

508 where [da;]|=da;...dagy and  FUS/kpT=(E[a;])/ kT
509 +1n p™S[ ;).

510 In practice, the efficiency of estimating F by F” depends
511 on the fluctuation of this statistical average, which is deter-
512 mined by the fluctuation of FHS exponentiated. Obviously, as
513 FIS S F (i.e., p/"— p®) all fluctuations become zero and F
514 can be obtained from a single configuration [see discussion
515 following Eq. (4) and Ref. 51]. Therefore (as for F?), the
516 direct calculation of F through F” will not be as statistically
517 reliable as the corresponding calculation for the lower bound
518 estimate, F*, however, F” is expected to be more statistically
519 reliable than F? which is defined as a ratio of two summa-
520 tions similar to that defining FP. These conclusions hold also
521 for HSMD provided that the assumptions leading to Eq. (1)
522 are correct. The discussion in the preceding section II F re-
523 garding F? applies also to FP.

p” exp[F HS/kBT][dak]] ,

524 H. The local states method

525 We compare our results to those obtained by the LS
526 method. With this method the ranges Aw; [Eq. (8)] are di-
527 vided into [ equal segments, where [ is the discretization
528 parameter. We denote these segments by vy, (v,=1,1). Thus,
529 an angle «; is now represented by the segment v, to which it
530 belongs and a conformation i is expressed by the correspond-
531 ing vector of segments [v,(i), v5(i), ..., ven(i)]. Under this
532 discretization approximation p(ey|a_;...@;) can be esti-
533 mated by

P(a’k|0fk—1 cray) = (v, . v)HAn(vey, - v)[Aag/I)
534 (19)

535 where n(vy,...,v;) is the number of times the local states
536 [i.e., the partial vector (v, ..., ;) representing (ay, ..., a;)]
537 appears in the sample. Because the number of local states
538 increases exponentially with k£ one has to resort to approxi-
539 mations based on smaller local states that consists of v, and
540 the b angles preceding it along the chain, i.e., the vector
541 (v, Vi_y, ... » Vip), Where b is the correlation parameter. The
542 sample is visited for the second time and for a given b one
543 calculates the number of occurrences n(vy, vy, ..., V) of
544 all the local states from which a set of transition probabilities
545 p(v| V41, ..., vp) are defined. The sample is then visited
546 for the third time and for each member i of the sample one
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determines the 6N local states and the corresponding transi- 547
tion probabilities, whose product defines an approximate 548

probability density p,(b,[) for conformation i, 549
6N
pib.0) =11 p(wlvics, ... v )(Baydl), (20)
k=1 550

the larger are b and [ the better the approximation (for 551
enough statistics). p;(b,l) allows one to define rigorous up- 552
per and lower bounds for the entropy and free energy, S4 553

(Eq. (11)] and F* [Eq. (12)], respectively. 554
I. The quasiharmonic approximation 555

With the quasiharmonic (QH)approximation ***! the en- 556
tropy Sqp is given by 557

Son = (1/2)6Nkg + (1/2)kg In[(2m)%Na], (21) 558
where o is the determinant of the covariance matrix of the 559
6N dihedral and bond angles. 560
lll. RESULTS AND DISCUSSION 561
A. Simulation details for (Gly)4, 562

To obtain stable MD samples of (Gly);, in the helix, 563
hairpin, and extended microstates the temperature was low- 564
ered to 100 K and each sample was started from a specific 565
energy minimized structure. Thus, the initial helix structure 566
(i.e., before minimization) is defined by ¢;=;=—55° and 567
w;=180° and the extended structure is ¢;=;=w,;=180°, i 568
=1,10; the initial hairpin structure is ¢;=;=w;=180° for i 569
=1,4 and i=7,10, while ¢5=60°, ¢ys=-30°, ws=180°, ¢g 570
=90°, ¥=0° ws=180°, i.e., the hairpin creates a type 1’ 571
turn. The first 5000 MD steps were used for equilibration and 572
then 300 000 production MD steps were performed with a 573
step size of 1 fs. The velocity-Verlet algorithm21 was used to 574
generate the dynamics with the Berendsen®' heat bath con- 575
trolling the temperature. A configuration was retained for fu- 576
ture analysis every 500 MD steps; in this way three samples, 577
each of 500 structures, were generated for the three mi- 578
crostates of (Gly),,. As has been discussed in Sec. II E, to 579
keep the future chains within the limits of the microstate the 580
trajectory of the future chain is assembled from units of 581
smaller trajectories. Each different unit is generated by re- 582
starting the simulation from the same initial conformation 583
(the future part of the restructured conformation i) but with 584
different velocities and discarding the initial configurations 585
for equilibration. In this way, we can obtain rather large 586
samples in which the system remains within the limits of the 587
microstate. A unit (n}) was formed by keeping configurations 588
every ten MD steps (i.e., 10 fs), where we seek to find the 589
largest unit for which $* decrease with decreasing the bin 590
size day, and increasing ny[Eq. (9)]. Different unit sizes were 591
explored and the results for S* and F* differ slightly with 592
unit size although we verify that the differences in these 593
quantities—our main interest—are independent of the unit 594
size. Notice, however, that the unit size should be the same 595
while comparing different microstates (but it can vary from 596
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TABLE 1. The differences (in deg) between the minimum and maximum
values of the dihedral angles [Eq. (8)] of (Gly),, obtained from MD samples
of 400 conformations of the helix, hairpin, and extended microstates.

Extended Helix Hairpin
Res.No. A¢ A¢Yy Aw A¢ Ay Aw A¢p Ay Ao
1 66 159 34 50 125 38 50 245 39
2 81 51 35 43 45 26 155 60 35
3 83 49 37 37 32 28 57 38 30
4 89 49 41 35 42 28 63 46 33
5 97 47 31 33 40 30 40 95 31
6 112 52 36 36 41 26 156 52 29
7 143 43 33 43 44 29 71 48 31
8 99 54 35 32 38 33 74 34 31
9 99 49 32 39 35 25 85 46 31
10 119 52 30 64 48 33 216 53 32

597 system to system). For (Gly),, we have studied n,=unit
598 =1500 (15 ps), 2000 (20 ps), and 500 (5 ps), where the
599 equilibration size is 500 (5 ps).

600 The TPs and their product, p™S [Egs. (9) and (10)], were
601 calculated by reconstructing each conformation step by step
602 with MD simulations of the future part. As mentioned earlier,
603 for MD simulations (unlike MC) the bin becomes two-
604 dimensional and a two-dimensional TP density is measured
605 replacing the one-dimensional TP used in HSMC. To check
606 the convergence of the results they were calculated for four
607 future sample sizes, nf=2000, 3000, 4000, 6000, 12 000,
608 18 000, and 24 000 and for unit=500 also n;=500 and 1000.
609 The future samples were generated for four bin sizes, &
610 =Aw; /15, Ay /10, Aq,/5, and 20°, centered at «; (i.e.,
611 a;+6/2). Notice that as for the LS method, the bin size is
612 proportional to Aq,. If the counts of the smallest bin are
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smaller than 50, the bin size is increased to the next size, and 613
if necessary to the next one, etc. In the case of zero counts, 614
Ny 1S taken to be 1; however, zero counts is a very rare 615

event. For (Gly),, samples of n=400 structures were ana- 616
lyzed. 617
B. Results for the entropy of (Gly)q 618

In Table T we present the values of Aa; [Eq. (8)] for the 619
extended, helix, and hairpin microstates obtained from the 620
corresponding MD samples. These values suggest that the 621
samples indeed are concentrated in conformational space as 622
expected. 623

It should first be pointed out that as for the dihedral 624
angles, Eq. (9) was used with S« also for the bond angles, 625
ie., without considering the Jacobian component 626
[T, sin(G,)], because we have found that to a good approxi- 627
mation, the contribution of the Jacobian to the entropy can- 628
cels out in entropy and free energy differences, which are our 629
main interest; this allows us to compare the HSMD results 630
for the entropy and free energy to those obtained with the 631
flexible model of Paper I (Ref. 54) which were calculated 632
without the Jacobian as well. Table II contains the results of 633
the entropy S* [Eq. (11)] for the three different microstates, 634
where the results on the left hand side are for unit=1500 and 635
they were obtained from samples of n=400 conformations; 636
for comparison we also provide results for unit=2000 on the 637
right hand side of the table based on smaller samples of n 638
=200 conformations. The results were calculated for four 639
different future sample sizes n; and four bin sizes. However, 640
the extent of convergence of these results is demonstrated by 641
the best ones, i.e., those for the three smallest bin sizes, 642
Aoy /5, Aay/10, and Agy/15, and therefore only they are 643

TABLE II. Entopy 75" (T=100 K) in kcal/mol [Eq. (11)] for three bin sizes A, /i [Eq. (5)], and future samples
sizes n, obtained with the HSMD method for the three microstates of (Gly);, with unit=1500 and 2000. Ag, is
defined in Eq. (8). n is the number of MD conformations in a microstate sample. The statistical errors are given
in parentheses, e.g., 32.83(3)=32.83£0.03. Sqy is the quasiharmonic entropy [Eq. (21)] and S; g [Eqgs. (11) and
(20)]is $* obtained by the local states (LS) method using b=1 and /=10 (for details see text). Spe, is the entropy
(84) of the flexible model obtained in Table IV of Paper I by HSMC (Ref. 54). The entropy is defined up to an

additive constant.

Bin size ny Extended Helix Hairpin Extended Helix Hairpin
Unit=1500 n=400 Unit=2000 n=200

Ay /5 6 000 33.12(2) 29.15(6) 30.6 (2) 33.18(7) 29.3(1) 30.7(2)
Aa;/5 12 000 33.15(4) 29.18(6) 30.6 (2) 33.20(7) 29.3(1) 30.7(2)
Ay /5 18 000 33.15(3) 29.19(6) 30.6 (2) 33.21(6) 29.3(1) 30.7(2)
Ay /5 24 000 33.16(3) 29.20(6) 30.6 (2) 33.21(7) 29.3(1) 30.7(2)
Aay /10 6 000 32.82(1) 28.83(6) 30.0 (2) 32.90(8) 29.0(1) 30.2(2)
Aa; /10 12 000 32.89(3) 28.90(5) 30.1 (2) 32.9509) 29.0(1) 30.2(2)
Ay /10 18 000 32.90(2) 28.92(6) 30.1 (2) 32.97(8) 29.0(1) 322 ()
Aay /10 24 000 32.90(3) 28.93(6) 30.1 (2) 32.97(8) 29.0(1) 30.2(2)
Ag;/15 6 000 32.74(2) 28.74(7) 29.9 (2) 32.82(8) 28.9(1) 30.1(2)
Aay /15 12 000 32.82(6) 28.83(6) 29.9 (1) 32.8909) 29.0(1) 30.1(2)
Ay /15 18 000 32.84(2) 28.85(7) 30.0 (1) 32.91(8) 29.0(1) 30.1(2)
Aay /15 24 000 32.83(3) 28.85(7) 30.0 (1) 32.90(8) 29.0(1) 30.1(2)

TSpex(T) 28.5 (3) 24.4 (1) 25.41(7)

TSqu 33.5 (1) 294 (1) 31.8 (1)

TSy 34.8 (1) 32.1 (2) 34.9 (6)

“Reference 54.
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TABLE III. SMD results for the free energy F* [Eq. (12)], the energy E, and their fluctuations for (Gly),. F*
is a lower bound of the free energy and o, [Eq. (13)] is its fluctuation. The HSMD results were obtained from
samples of n=400 conformations for the smallest bin size, 5=Aa;/15, but for all future sample size n;. Fqy
[Eq. (21)] and F|g [Eq. (12) and (20)] are free energies obtained by the quasiharmonic approximation and the
local states method, respectively, and are based on larger samples (see text). The average potential energy Ej,
of the HSMD samples, and Ejp., [I (Ref. 54)], the energy of the flexible model [from Table VI of Paper I using
HSMC (Ref. 54)] appear in the two bottom rows; o is the energy fluctuation (these results are in kcal/mol). All
free energies (at 7=100 K) are in kcal/mol and are defined up to an additive constant. The statistical error is

defined in the caption of Table II.

Extended

HSMC/n, -FA o4, Of -FA oy, Of -FA oy, Of
6 000 76.65(4) 1.30(7) 110.59(6) 1.46(2) 94.1(2) 1.42(3)
12 000 76.73(4) 1.29(7) 110.67(6) 1.45(3) 94.2(2) 1.41(3)
18 000 76.74(4) 1.29(7) 110.70(6) 1.44(3) 94.2(2) 1.40(3)
24 000 76.74(4) 1.28(6) 110.70(6) 1.43(3) 94.2(2) 1.40(3)
—Fou 77.6 (2) 111.39(6) 96.1(4)

—Fig 78.9 (2) 112.7 (2) 99.1(2)

—Cint 43.91(6) 1.46(3) 81.85(2) 1.57(6) 64.2(1) 1.55(7)
—Eg, () 56.0 (3) 10 (3) 9.2 (3) 14 (2) 79.1(5) 13 (2)

“Reference 54.

644 presented in the table. The statistical errors were obtained
645 from the fluctuations and results obtained for partial samples.
646 One would expect $* to decrease with decreasing the bin
647 size—an expectation that indeed is materialized in the results
648 of Table II. It should be pointed out, however, that the de-
649 crease of S in going from 8=Aa,/10 to Aq,/15 is approxi-
650 mately 0.1 kcal/mol (or smaller) within a relatively large
651 statistical error of up to +0.2 kcal/mol. One would also ex-
652 pect $* to decrease as the sample size, ny of the future chains,
653 increases. However, when ny is increased the chance also
654 increases for the creation of future chains that fluctuate sig-
655 nificantly and might even deviate from the limits of the mi-
656 crostate leading thus to a decrease in the value of n,;y, [Eq.
657 (9)] and hence to a larger S*. Indeed, this effect is observed
658 in the table for 6=Aa,/10 and Aq,/15 as TS* increases from
659 n,= 6000—12 000; however, for ny= 18 000 and 24 000 (and
660 in many cases also for n,=12000) the values of TS are
661 practically equal (within the error bars). These results sug-
662 gest that for the given sample size n (which determines to a
663 large extent the statistical errors) decreasing & or increasing
664 n, further would not lead in most cases to better (i.e.,
665 smaller) S*. However, the fact that the same decrease in
666 S*(n,) is observed in going from Aa;/10 to Aq,/15 suggests
667 that for Aa;/15 S4(ny) is obtained with the same accuracy
668 for the three microstates. This means that differences in
669 SA(nf) for these microstates (which is our main interest) are
670 expected to lead to the correct values, because the equal
671 errors in SA(nf) would get canceled. We shall return to this
672 issue later.

673 To demonstrate the effect of the unit size we have also
674 calculated results for unit=2000, which, as expected, are
675 shown to be slightly larger than their counterparts for unit
676 =1500 due to the increase in the number of fluctuating future
677 chains (as explained in the previous paragraph for the case of
678 increasing n,). As discussed later, using unit=2000 will not
679 change the differences in 754 (ny). We also provide results for
680 T'S* obtained in Paper I (Ref. 54) for the flexible model of
681 decaglycine (i.e., with constant bond lengths) where they are
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shown to be lower by ~4 kcal/mol than the present MD 682
results that are based on more flexible chains (see also dis- 683
cussion in the second paragraph of the Summary section). 684

The HSMD results for the entropy are also compared in 685
the table with those obtained using the LS and QH methods. 686
For this we generated for QH larger MD samples of 10 000, 687
10 000, and 5000 conformations for the extended, helix, and 688
hairpin microstates, respectively, by retaining a conformation 689
every 30 fs. For LS samples of size 18 000 were generated 690
by retaining a conformation every 10 fs. As expected, the 691
QH results (like those obtained in Paper I) are larger than the 692
HSMC values—here by 0.7—1.8 kcal/mol. The LS results 693
(calculated for b=1, [=10) are larger than the corresponding 694
QH values, as has also been found in Paper I. 695

C. Results for the free energy of (Gly)4, 696

Results for the free energy functional F4 [Eq. (12)] and 697
its fluctuation o, [Eq. (13)] and the energies are presented in 698
Table III. These results are given only for the smallest bin 699
Aay/15 because F* values for the other bins can be obtained 700
from the entropies of Table II and the energies provided in 701
the bottom of Table III. F* (like S*) does not change within 702
the error bars as n; is increased from 12 000 to 24 000 and 703
the central values of the fluctuations, as expected, decrease 704
as the approximation improves but this decrease is insignifi- 705
cant within the error bars. 706

The results for FZ are not provided in the table because 707
they do not behave as expected, i.e., they do not decrease as 708
n is increased or as the bin size is decreased. This “misbe- 709
havior” can be attributed to a too small sample size n, or 710
might stem from the fact that the bond stretching energy is 711
included in the potential energy while the corresponding en- 712
tropy is not taken into account in p"S [Eq. (10)]. More spe- 713
cifically, while the differences between the bond stretching 714
energies of conformations are of ~1 kcal/mol, these differ- 715
ences (divided by RT) increase to ~5 kcal/mol and affect 716
the exponential terms in Eq. (15) without the corresponding 717
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TABLE 1V. Entopy 7S* (T=100 K) in kcal/mol [Eq. (11)] for three bin
sizes Aq;/i [Eq. (5)] obtained with the HSMD method for the three mi-
crostates of (Gly),, with unit=1500 and 500 based on smaller future sample
sizes, n;. Aqy is defined in Eq. (8). The HSMD results are based on samples
of n=400 conformations. The boldfaced results were obtained for unit
=500. The statistical errors are defined in the caption of Table II. Sqy is the
quasiharmonic entropy [Eq. (21)] and S;g [Eqgs. (11) and (20)] is the local
states (LS) entropy (S4) obtained for =1 and /=10. The entropy is defined
up to an additive constant.

Bin size ny Extended Helix Hairpin
Aa;/5 500 33.09(3) 289 (1) 30.4(2)
Ay /5 1000 32.86(3) 29.1 (1) 30.3(2)
Ay /5 2000 33.04(2) 29.05(6) 30.5(2)
Ag;/5 3000 33.11(1) 29.13(6) 30.5(2)
Ay /5 4000 33.11(2) 29.13(6) 30.5(2)
Ay /5 6000 33.13(3) 29.15(6) 30.5(2)

Aay /10 500 32.99(3) 28.9 (1) 30.1(2)
Aa; /10 1000 32.56(3) 28.5 (1) 29.7(2)
Ay /10 2000 32.69(2) 28.65(6) 29.9(2)
Ay /10 3000 32.78(2) 28.75(6) 30.0(2)
Aa;/10 4000 32.80(2) 28.77(6) 30.0(2)
Aa; /10 6000 32.83(2) 28.81(6) 30.0(2)
Ay /15 500 32.98(3) 28.9 (1) 30.0(2)
Aay /15 1000 32.53(3) 28.5 (1) 29.6(2)
Ag;/15 2000 32.61(3) 28.56(6) 29.7(2)
Aa;/15 3000 32.68(2) 28.66(5) 29.8(2)
Aay /15 4000 32.71(2) 28.68(6) 29.8(2)
Aay/15 6000 32.72(2) 28.70(7) 29.8(2)

TSqn 335 (1) 29.4 (1) 31.8(1)

TSis 34.8 (1) 32.1 (2) 34.9(6)

718 compensation from the entropy term, p''S. Still, the results
719 obtained for F? are always larger than those for F* and thus
720 probably provide upper bounds, but the deviations are rela-
721 tively large (F®=71.0, —106.4, and —87.3 kcal/mol for ex-
722 tended, helix, and hairpin, respectively). Therefore, it is not
723 clear whether the F? results lead to improved approximations
724 for the free energy, i.e., whether the average values FM [Eq.
725 (16)] are better than those of FA. We have also calculated
726 results for F© which have been found to be smaller than the
727 corresponding F® values but larger than those for FM. While
728 it would be good to have reliably behaving results for F® and
729 FP we demonstrate below that one can obtain reliable differ-
730 ences in entropy (and free energy) which are our main inter-
731 est from differences in $* (and F4).

732 In Table III we also provide the average potential ener-
733 gies and fluctuations of the different microstates. As ex-
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pected, the energy fluctuations are always larger than the 734
corresponding free energy fluctuations. For comparison we 735
also present the energy values from Paper I (Ref. 54) (Table 736
VI) for the flexible model I studied there, which are 737
~15 kcal/mol lower than the present MD results. 738

D. Differences in entropy and free energy of (Gly);, 739

Computer time increases linearly with n, therefore it is 740
of interest to check the effect of decreasing ny on the entropy 741
results. In Table IV we provide results for 7S* for unit 742
=1500 with nf=2000, 3000, 4000, and 6000 for samples of 743
size n=400. We also present results for unit=500(5 ps) for 744
ny=500 and 1000 (results are boldfaced in the table). The 745
results for unit=1500 behave the same way as in Table II, 746
i.e., they decrease as the bin size decreases from §=Aq;/5 to 747
Aa;/15 and are approximately constant within a bin. As ex- 748
pected, because of smaller ny values, the results of each bin 749
in Table IV are always somewhat smaller than their counter- 750
parts in Table II. 751

Because we are mostly interested in entropy differences, 752
in Table V we present the differences TAS? for the three 753
microstates for several ny values for unit=2000, 1500, and 754
500 (for the smallest bin) and also for the flexible model of 755
Paper 1. The table reveals that all these results are equal 756
within the error bars, which are the largest for the flexible 757
model and for unit=2000 for which the results are based on 758
a relatively small sample size, n=200. On the other hand, 759
even for unit=500 (n=500) the errors of 0.1 and 760
0.2 kcal/mol are relatively small while the computer time is 761
48 times smaller than that required for ny= 24 000. In fact, 762
reconstructing a conformation of (Gly),, based on n, 763
=24 000 requires 2.4 h CPU on a 2.4 GHz Athlon processor 764
whereas a reconstruction based on n,=500 requires 3 min 765
CPU. One can still increase the integration step to 2 fs which 766
would decrease this time further to 90 s. It should be pointed 767
out that similar results for TAS* were obtained for other ny 768
values and for the second smallest bin (Aw,/10). The fact 769
that the differences TAS# are constant while the values of S4 770
change within a range of 0.5-0.6 kcal/mol suggest that 771
these differences would remain constant also for more and 772
more accurate values of S and thus they constitute the cor- 773
rect differences within the error bars. In other words, for a 774
given approximation, for each microstate j (e.g., a helix), 775
S4(j) =Sexact(j) + 8S, where S is an error which is approxi- 776

TABLE V. Differences in the entropy TAS” (kcal/mol) at =100 K between different microstates obtained by
HSMD for (Gly),. n is the size of the reconstructed MD sample; 7, is the sample size of the future chains. The
statistical error is defined in Table II. Results for the flexible model (using HSMC) were taken from Table VI of

Paper 1 (Ref. 54).

Unit=1500 n=400

Unit=500 n=400  Unit=2000 n=200

Flexible

n;=24000 n=6000 n~=2000 n~=1000 n~=500 n,=6000 model (IY)
T(Seqena=Shapi) ~ 29(1)  29(2)  29(2) 292 292 2.8 (3) 3.0 (3)
79S8 extended — Shelix 4.0(1) 4.0(1) 4.0 (1) 40 (1) 4.0() 3.9 (2) 4.0 (3)
T(Shipin— Shetie) L) 12()  12() L) L1() 12 (1) 10 (2)

“Reference 54.
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TABLE VL. Differences in energy AE and free energy AF* (7=100 K) in kcal/mol between the three mi-
crostates of (Gly);, obtained by HSMD and in Paper I (Ref. 54 for the flexible model using HSMC. The present
AF* results were calculated for a sample of n=400 conformations, future sample size ny= 24 000, and bin size

Aay/15.
Microstates AE AE (flexible I%) AF (unit=1500) AF (flexible I%)
Extended-hairpin 20.30(7) 23.1(3) 17.4(1) 20.1(3)
Extended-helix 37.94(7) 40.2(2) 34.0(1) 36.1(3)
Hairpin-helix 17.64(6) 17.0(2) 16.5(2) 16.0(2)
“Reference 54.
777 mately the same for all the microstates j and thus is canceled ~ crease of 1.1 kcal/mol of TAS* (in going from 807

778 in the differences ASA.

779 The above results demonstrate the advantage of MD
780 over the MC procedure used in Paper I. With MD the con-
781 formational changes at each step are carried out determinis-
782 tically along the forces (by solving Newton’s equation of
783 motion) and hence they are imposed with similar efficiency
784 on the different microstates. Thus, if the amount of MD sam-
785 pling is changed the three microstates are affected equally
786 and the corresponding changes in entropy are approximately
787 the same. On the other hand, for low ne values the efficiency
788 of the MC procedure depends on the simulated structure
789 (more rejections occur for a compact one), where our proce-
790 dure has been found to be most efficient for the extended
791 microstate, and as discussed in Paper I, a relatively large n;
792 =160 000 is needed for calculating reliably TAS* values for
793 the three microstates; in this case the reconstruction of a
794 single structure requires 2.4 h CPU, which is 100 times
795 larger than that requires with the shortest MD run (n,=500,
796 and 2 fs step size).

797 In Table VI we provide the differences in energy AE and
798 free energy AF” for the three microstates and their counter-
799 parts for the flexible model from Paper 1. The table reveals
800 that the two sets of AE values are similar, which explains the
801 equality in the TAS” values of the two models in Table V. As
802 one would expect, the larger AE values correspond to the
803 larger TAS values in Table V; however, changes in AE cor-
804 respond to much smaller changes in TAS“, e.g., an
805 increase of 17.6 kcal/mol in AE (in going from
806 20.30 to 37.94 kcal/mol, see Table VI) corresponds to an in-

TABLE VII. The differences (in deg) between the minimum and maximum
values of the dihedral angles [Eq. (8)] of (Val),(Gly)(Val), obtained from
MBD sample of 400 conformations of the helix and hairpin microstates.

Helix Hairpin
Res. No. Ap Ay Aw A Ay Aw
1 42 62 31 48 38 28
2 37 44 24 26 36 30
3 44 48 23 50 32 29
4 41 47 29 36 42 26
5 36 42 25 31 47 31
6 37 45 25 30 44 38
7 46 45 23 37 133 35
8 44 58 27 101 42 32
9 55 41 24 30 37 34
10 37 50 33 34 115 40

2.9 to 4.0 kcal/mol for the first set of results in Table V). 808
Thus, we have calculated the average bond stretching energy 809
and have obtained 8.57, 9.95, and 9.23 kcal/mol for the ex- 810
tended, helix, and hairpin microstates, respectively. The dif- 811
ferences between these values contribute very little to the AE 812
values in the table and therefore the corresponding bond 813
stretching entropies are expected to be small and thus will 814
not contribute to the differences in Table V. This justifies our 815
ignoring the bond stretching entropy from $* (but not neces- 816
sarily from F? as previously discussed). 817

E. Results for S# and F* for (Val),(Gly)g(Val), 818

The MD samples at 7=100 K for (Val),(Gly)ys(Val), 819
were obtained in a similar way as described for (Gly);, but 820
with the following changes. First, only the helix and hairpin 821
microstates were studied, because the extended state was 822
found to be unstable even at 100 K. Second, the step size 823
was increased to 2 fs where bonds involving hydrogens were 824
frozen to their ideal values by using the RATTLE algorithm.21 825
Also, the microstates of (Val),(Gly)g(Val), are less stable 826
than those of (Gly),, which required using smaller units of 827
sizes 600 and 400. The A, values for the two microstates 828

TABLE VIII. Entropy 75" (T=100 K) in kcal/mol [Eq. (11)] for three bin
sizes Ay /i [Eq. (5)] and future sample sizes n obtained with the HSMD
method for the helilx and hairpin microstates of (Val),(Gly)s(Val), based on
unit=600 and 400. A, is defined in Eq. (8). The HSMD results are based
on samples of n=400 conformations. The statistical errors are defined in the
caption of Table II. Sqy is the quasi harmonic entropy [Eq. (21)] and Sy
[Egs. (11) and (20)] is the local states (LS) entropy (S*) obtained for b=1
and /=10. The entropy is defined up to an additive constant.

nf Helix Hairpin Helix Hairpin
Unit=600 n=400 Unit=400 n=200
Aa;/5 6000 31.07(3) 30.6(1) 31.1(1) 308 (2)
Ae/5 12000 31.06 (2) 30.6(1) 31.1(1) 30.7(2)
Ag/5 18000 31.05(2) 30.6(1) 31.1(1) 307 (2
Aq/5 24000 31.04(3) 30.6(1) 31.1(1) 307 ()
Aa;/10 6000 30.75(2) 302(1) 308(1) 304 (2)
Ae/10 12000 30.73 (2) 30.2(1) 30.7(1) 30.3(2)
Ag/10 18000  30.71 (3) 30.1 (1) 30.7(1) 303(2)
Ag/10 24000  30.70 (3) 30.1 (1) 30.7(1) 303(2)
Aa;/15 6000 30.69 (2) 30.1 (1) 30.7(1) 303(2)
Ag/15 12000  30.67 (2) 30.1 (1) 30.7(1) 302(2)
Ag/15 18000  30.64 (2) 30.1 (1) 30.7(1) 302(2)
Ag/15 24000  30.63(2) 30.0(1) 30.6(1) 302(2)
TSqn 31.7 (1) 31.1 (2)
TSy 35.8 (5) 36.2 (5)
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TABLE IX. HSMD results for the free energy F* [Eq. (12)], the energy E,
and their fluctuations for (Val),(Gly)s(Val),. F* is a lower bound of the free
energy and o [Eq. (13)] is its fluctuation. The HSMD results were obtained
from samples of n=400 conformations for the smallest bin size, &
=Aq,/15, but for all future sample sizes n,. Fou [Eq. (21)] and Fy g [Eqs.
(12) and (20)] are free energies obtained by the quasiharmonic approxima-
tion and the local states method, respectively, and are based on larger
samples (see text). The average potential energy Ej, (in kcal/mol) and its
fluctuation o appears in the bottom row. All free energies (at 7=100 K) are
in kcal/mol and are defined up to an additive constant. The statistical error is
defined in the caption of Table II.

Helix Hairpin

HSMC/n; - Ty, O - Ty, O
6 000 163.9(1) 1.76(3) 160.05(7) 1.59(4)
12 000 163.9(1) 1.75(3) 160.03(5) 1.58(4)
18 000 163.9(1) 1.75(3) 160.02(5) 1.56(3)
24 000 163.9(1) 1.74(3) 160.00(5) 1.56(3)

—Fon 165.0(1) 161.0 (1)

-Fis 168.9(5) 166 (2)
—Eiy 133.2(1) 1.8 (1) 130.0 (1) 1.72(2)

829 are presented in Table VII, which are shown to be quite
830 restricted. Not shown in the table are the values of AX1 which
831 are ~30°.

832 The results for 754 (at T=100 K) for unit=600 and 400
833 in Table VIII show the expected behavior, i.e., they increase
834 with bin size and those for unit=400 are slightly smaller than
835 their counterparts for unit=600 [see previous discussion re-
836 garding units of 1500 and 2000 for (Gly),]. For the given
837 sample sizes studied, n=400 and 200, the results are con-
838 verged, i.e., they do not change (within the statistical errors)
839 with decreasing the bin size or increasing n;. The table re-
840 veals that the entropies of the two microstates are close.
841 Again, The QH and LS results constitute upper bounds,
842 where as for (Gly),, the QH values are smaller than the
843 corresponding LS ones. The QH results are based on 5000
844 and 2500 conformations for the helix and hairpin, respec-
845 tively (a conformation was retained every 40 fs), while the
846 LS results are based on samples of 24 000 conformations
847 (every 10 fs).

848 In Table IX we provide the free energies F*, the poten-
849 tial energies, and their fluctuations. It should first be pointed
850 out that the energy difference between the two microstates,
851 ~3 kcal/mol, is relatively small leading thus to a small dif-
852 ference TAS? as discussed in detail below; correspondingly,
853 the free energy differences are also small. The tendencies of
854 the results of both F4 and o, are as expected (see discussion
855 of Table III); in particular, the o, values are smaller than the
856 corresponding energy fluctuations, op.

J. Chem. Phys. 124, 1 (2006)

TABLE X. Entropy TS* (T=100 K) in kcal/mol [Eq. (11)] for three bin
sizes Aay/i [Eq. (5)] obtained with the HSMD method for the helix and
hairpin microstates of (Val),(Gly)s(Val), using unit=600 and smaller future
sample sizes n;. Aay is defined in Eq. (8). The HSMD results are based on
samples of n=400 conformations. The statistical errors are defined in the
caption of Table II. Sqy is the quasiharmonic entropy [Eq. (21)] and S g
[Egs. (11) and (20)] is the local states (LS) entropy (S*) obtained for b=1
and /=10. The entropy is defined up to an additive constant.

ny Helix Hairpin
Aay/5 2000 31.03(5) 30.6(2)
Ay /5 3000 31.03(5) 30.5(2)
Ay /5 4000 31.00(4) 30.5(2)
Ay /5 6000 30.96(4) 30.5(1)
Ay /10 2000 30.64(5) 30.1(2)
Aa; /10 3000 30.63(5) 30.1(2)
Ay /10 4000 30.60(4) 30.1(2)
Aa; /10 6000 30.54(4) 30.0(1)
Aay /15 2000 30.53(5) 29.9(2)
Aay /15 3000 30.53(5) 29.9(2)
Ay /15 4000 30.50(4) 29.9(2)
Aa;/15 6000 30.45(4) 29.9(2)
TSqu 31.7 (1) 31.1(2)
TSis 35.8 (5) 36.2(5)

F. Entropy and free energy differences for
(Val),(Gly)g(Val),

Because we are highly interested in an efficient calcula-
tion of entropy and free energy differences, in Table X we
present HSMD results for 7S* based on unit=600 obtained
for significantly smaller n; values (2000-6000) than in Table
VIII. The statistical errors here are slightly larger than in
Table VIIL, while the 7S* results in Table X are smaller than
their counterparts in Table VIII due to smaller n; values that
keep the future chains better within the limits of the mi-
crostates thus leading to larger n. values [Eq. (9)]. The
expected behavior of the results with decreasing bin size and
increasing ny is observed.

In Table XI results for TAS?, AF4, and AE are presented
for unit=600 and 400 for several n; values. The table shows
that TAS*=0.6+0.2 remains unchanged as ns is decreased
and it is equal within the error bars to 0.4+0.2 kcal/mol
obtained for unit=400 for a smaller sample of n=200. Again,
as for (Gly),(, a significant reduction in computer time can
be achieved for calculating entropy and free energy differ-
ences. Thus,
(Val)(Gly)e(Val), using ny=24000 requires 4.3 h CPU
while for ny= 2000 it requires 21 min CPU, and as for
(Gly) this time can probably be reduced further by a factor
of 4 to 5 min (using ;=600 or 400).

857
858

859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874
875
876

reconstruction of a single structure of 877

878
879
880
881

TABLE XI. Differences in the entropy TAS* (kcal/mol) at T=100 K between the helix and hairpin microstates obtained by HSMD for (Val),(Gly)s(Val),. n
is the size of the reconstructed MD sample; 1, is the sample size of the future chains. AE and AF* are the differences in energy and free energy, respectively
(in kcal/mol). The statistical error is defined in Table II.

Unit=600 n=400 Unit=400 n=200

Microstates AE AFA n;=24 000 n,=6000 n,;=2000 n,;=24 000 n;=12 000 n;=2000

T(Shetix = Shaipin) -33(2) -3.87(8) 0.6(1) 0.6(2) 0.6(2) 0.4(2) 0.4(2) 0.4(2)
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882 IV. SUMMARY AND CONCLUSIONS

883 In our previous work [Paper I (Ref. 54)] the HSMC
884 method has been applied initially to polyglycine molecules
885 in vacuum simulated by MC. Because MD is considered to
886 be significantly more efficient than MC and hence is the
887 commonly used method in proteins; in the present paper our
888 method has been extended to MD simulations and the new
889 version, HSMD, has been applied to (Gly),, and for the first
890 time to a peptide with side chains, (Val),(Gly)¢(Val),. As
891 before, we calculate the entropy and free energy of three
892 microstates, helix, extended, and hairpin, and find the results
893 to be more accurate than those obtained by the QH and LS
894 methods that both provide upper bounds for the entropy69
895 (however, see also discussion in the next paragraph). We also
896 compare our results to those obtained for the flexible model
897 of (Gly),, in Paper I (Ref. 54) at 7=100.

898 To keep the molecule within the limits of the microstates
899 during the reconstruction process, the MD simulation is di-
900 vided into several repeating “units” each unit starts from the
901 reconstructed conformation i. This raises the following ques-
902 tions: (1) Is the unit long enough to cover the sampled mi-
903 crostate? (2) What is the dependence of the results on the
904 unit size? To answer the first question we generated a 15 ps
905 MD sample of (Gly);, and a 6ps sample of
906 (Val),(Gly)e(Val), by retaining a conformation every 10 fs
907 (as in the reconstruction process), converted these conforma-
908 tions to internal coordinates, and calculated the Aq, values
909 [Eq. (8)] of the samples. We have found that the Aq; sets
910 thus obtained are comparable to those presented in Tables I
911 and VII, respectively, suggesting that a suitable coverage is
912 achieved by these units. On the other hand, it is evident that
913 the results for the absolute S and F depend somewhat on unit
914 size and there is no criterion to determine the correct value.
915 However, this problem reflects the difficulty inherent in de-
916 fining a microstate in conformational space by simulation,
917 which affects all entropy methods. For example, to obtain
918 reasonable precision with QH (or LS) significantly longer
919 trajectories than those used with HSMD are required (see
920 text), which are expected to span larger regions in space thus
921 leading to an increase in entropy; therefore, the overestima-
922 tion of the entropy results for QH and LS is probably also
923 due to this effect of larger trajectories.

924 However, we have shown that differences in entropy
925 TAS” obtained from absolute values (calculated for the same
926 conditions) are very stable for various unit sizes, bin sizes,
927 and sample size n;, where the latter values can be relatively
928 small leading to extremely efficient calculations. The accu-
929 racy of TAS* of 0.1-0.2 kcal/mol is very satisfying; in gen-
930 eral, the validity of such results can be verified by increasing
931 the accuracy of HSMD, i.e., decreasing the bin size, increas-
932 ing ny and/or changing the unit size. We have also argued
933 that the effect of bond stretching on differences AS* can in
934 general be neglected but also suggested an approximate way
935 to take this contribution into account if necessary. The stable
936 results for entropy differences and the high efficiency ob-
937 tained in this work open the door for the application of
938 HSMD to more complex systems. As a next step, HSMD
939 will be applied to a flexible loop in a protein where solvent
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effects will be taken into account implicitly. Because
HSMC(D) is applicable to water we intend in a later stage to
apply it to a loop capped by explicit water.
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